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Abstract. Attention is focused on antisymmetrized versions of quantum spaces that are of particular
importance in physics, i.e. two-dimensional quantum plane, g-deformed Euclidean space in three or four
dimensions as well as g-deformed Minkowski space. For each case standard techniques for dealing with g-
deformed Grassmann variables are developed. Formulae for multiplying supernumbers are given. The actions
of symmetry generators and fermionic derivatives upon antisymmetrized quantum spaces are calculated.
The complete Hopf structure for all types of quantum space generators is written down. From the formulae
for the coproduct a realization of the L-matrices in terms of symmetry generators can be read off. The
L-matrices together with the action of symmetry generators determine how quantum spaces of different

type have to be fused together.

1 Introduction

It is an old idea that limiting the precision of position
measurements by a fundamental length will lead to a new
method for regularizing quantum field theories [1]. It is also
well-known that such a modification of classical spacetime
will in general break its Poincaré symmetry [2]. One way
out of this difficulty is to change not only spacetime, but
also its underlying symmetry.

Quantum groups can be seen as deformations of clas-
sical spacetime symmetries, as they describe the sym-
metry of their comodules, the so-called quantum spaces.
From a physical point of view the most realistic exam-
ples for quantum groups and quantum spaces arise from
g-deformation [3-9]. In our work we are interested in g-
deformed versions of Minkowski space and Euclidean spaces
as well as their corresponding symmetries, given by g¢-
deformed Lorentz algebra and algebras of g-deformed angu-
lar momentum, respectively [10-14]. Wess and his cowork-
ers were able to show that g-deformation of spaces and sym-
metries can indeed lead to discretizations, as they result
from the existence of a smallest distance [15,16]. This ob-
servation nourishes the hope that g-deformation might give
a new method to regularize quantum field theories [17-20].

In our previous work [21-26] attention was focused on
symmetrized versions of ¢-deformed quantum spaces that
are of particular importance in physics, i.e. two-dimensional
Manin plane, g-deformed Euclidean space in three or four
dimensions, and ¢-deformed Minkowski space. As there is
a need for Grassmann variables in physics we would like to
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discuss antisymmetrized versions of those quantum spaces
as well.

In particular, we intend to proceed as follows. In Sect. 2
we cover the ideas our considerations about g-deformed
quantum spaces are based on. For further details we rec-
ommend [27,28]. In the subsequent sections we apply these
reasonings to antisymmetrized versions of two-dimensional
quantum plane, g-deformed Euclidean space with three or
four dimensions as well as g-deformed Minkowski-space.

More concretely, we develop some standard techniques
for dealing with g-deformed Grassmann variables. In doing
S0, we start from the commutation relations for g-deformed
Grassmann variables and introduce g-deformed supernum-
bers. After that we are going to derive explicit formulae
for multiplying g-deformed supernumbers. In addition to
this, we are going to calculate the action of symmetry
generators and partial derivatives upon antisymmetrized
quantum spaces. Furthermore, we are going to write down
the complete Hopf structure on quantum space generators,
including their coproduct, antipode, and counit.

One should realize that the explicit form of the coprod-
uct on quantum space generators enables us to read off a
realization of the so-called L-matrices in terms of symme-
try generators. This knowledge together with the action
of symmetry generators upon quantum spaces tells us how
quantum spaces of different type have to be fused together.

2 Basic ideas
on antisymmetrized quantum spaces

In our approach spacetime symmetries are described by
quantum algebras like U,(suz), Uy(sos) or g-deformed
Lorentz algebra. Important for us is the fact that these alge-
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bras are quasitriangular Hopf algebras, i.e. their coproduct
can be twisted by an invertible element R € H ® H, which
is known as the universal R-matrix of the corresponding
Hopf algebra H. Formally, we have

ToAh=R(AMR™', he H, (1)
where A and 7 denote respectively the coproduct on H
and the transposition map.

The modules of the quantum algebras are called quan-
tum spaces. At a first glance a quantum space is nothing
other than an algebra A generated by non-commuting co-
ordinates X1, Xo,..., X, i.e.

A=C[[Xy,...X,]]/Z, (2)
where Z denotes the ideal generated by the relations of the
non-commuting coordinates.

It should be noted that we can combine a quantum
algebra H with its representation space A to form a left
cross product algebra A x H built on A ® H with product
(a®@h)(b®g) =alhqy>b) ®@hwyg, abeA, hgeH,

(3)
where > denotes the left action of H on A. There is also
a right-handed version of this notion called a right cross
product algebra H X A and built on H ® A with product

(h®@a)(g®b) = hge ® (a<gam))b, (4)

where < now stands for the right action of H on A. The
last two identities tell us that the commutation relations
between symmetry generators and representation space el-
ements are completely determined by coproduct and action
of the symmetry generators, since we obtain from them
hb = (hq) >b)h), ag = ge)(a<gm)). (5)
However, in what follows it is necessary to take another
point of view which is provided by category theory. A
category is a collection of objects X, Y, Z, ... together with
a set Mor(X,Y") of morphisms between two objects X, Y.
The composition of morphisms has similar properties as the
composition of maps. We are interested in tensor categories.
These categories have a product, denoted ® and called the
tensor product. It admits several “natural” properties such
as associativity and existence of a unit object. For a more
formal treatment we refer to [27,29-31]. If the action of a
quasitriangular Hopf algebra H on the tensor product of
two quantum spaces X and Y is defined by

he(v@w) = (h)pv)® (heypw) € X®Y, he H, (6)

where the coproduct is written in the so-called Sweedler
notation, i.e. A(h) = h(1) ® h(g), then the representations
(quantum spaces) of the given Hopf algebra (quantum al-
gebra) are the objects of a tensor category. In this ten-
sor category exist a number of morphisms of particular
importance that are covariant with respect to the Hopf
algebra action. First of all, for any pair of objects X,Y
there is an isomorphism ¥xy : X ®Y — Y ® X such that
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(9@ f)o¥xy =¥x/ y o(f®g) for arbitrary morphisms
f €Mor(X, X’)and g € Mor(Y,Y”). In addition to this one
requires the hexagon axiom to hold. The hexagon axiom
is the validity of the two conditions

(7)

A tensor category equipped with such mappings ¥x y for
each pair of objects X,Y is called a braided tensor cate-
gory. The mappings ¥x,y as a whole are often referred to
as the braiding of the tensor category. Furthermore, for
any quantum space algebra X in this category there are
morphisms A: X - X® X, S: X > X, ande: X —» C
forming a braided Hopf algebra, i.e. A, S, and € obey the
usual axioms of a Hopf algebra, but now as morphisms in
the braided category.

It is well-known that for a quasitriangular Hopf algebra
H the category of H-modules is braided, with

UxzoWyz=Yxev,z, ¥xzo¥xy=Yxye z.

xy(wow) = (RPbw)o(RPbv), ve X we Y, (8)
where R = R(M @ R, In terms of quantum space gen-
erators the above identity becomes

By (X2 ¥9) = RV o X )
where summation over repeated indices is to be under-
stood. Notice that the matrix R describes nothing other
than a linear mapping between vector spaces spanned by
tensor products of quantum space generators. In the cases
under consideration this mapping can be restricted to in-
variant subspaces. As a consequence, R admits a projector
decomposition of the general form [32,33]

R =asPs+aaPy+arPr, (10)
where ag, a4, and ap denote the corresponding eigenval-
ues. The projectors Ps and P4 are quantum analogs of a
symmetrizer and an antisymmetrizer, respectively, while
Pr projects onto a one-dimensional subspace generated by
the quantum length.
The relations of the quantum symmetric space are de-
termined by [34]
(Pa)y, XEX! =0, (11)
and likewise for the gquantum antisymmetric space (q-
deformed Grassmann algebra),
(Ps)i 050" =0, (Pr) 686" = 0. (12)
Alternatively, the two identities defining quantum anti-
symmetric space can be combined in the following way:

0'0 = ((Po)ia + (PG + (Pr)) 056 (13)

= (Pa)}, 080" = o' B 040",

Let us mention that the quantum spaces obtained this
way satisfy the so-called Poincaré—Birkhoff-Witt property,



D. Mikulovic et al.: Grassmann variables on quantum spaces

i.e. the dimension of a subspace of homogenous polynomi-
als should be the same as for the corresponding classical
variables. This property is the deeper reason why normal
ordered monomials again constitute a basis of g-deformed
Grassmann algebras. Consequently, each g-deformed su-
pernumber can be represented in the general form

FO) =+ fx6%, (14)
where the f are arbitrary complex numbers and the §&
stand for monomials of a given normal ordering.

Next, we want to deal with the covariant differential cal-
culus on quantum spaces [35-37]. Such a differential calcu-
lus can be established by introducing an exterior derivative
d with the usual properties of nilpotency and Leibniz rule:

d> =0, (15)
d(fg) = (df)g + (- f(dg),
where
_J0,if f bosonical,
1= { 1, if f fermionical. (16)

In addition to this, we require that the differentials of
the coordinates,

g =dXt, n'=de, (17)

are subject to the relations
(Ps)ig €l =0, (Pr)jete =0, (18)
(Pa)yn*n' =0, (Pr)gn™ =0 (19)

With the same reasonings already applied in (13) the above
identities lead to

¢ = oy Rij e,

In order to find commutation relations between coor-
dinates and differentials, we make as ansatz

n' = ag' Ry nty'. (20)

X'¢ =Bie X!, o =Cpnte. (21)
Applying the exterior derivative to both sides of the above
equations and comparing the results with (20) then yields
for the unknown coefficients

Bllc]l = *aglela szcjz = O‘SlR;c]l (22)

As a next step we introduce partial derivatives by
d= gz(a:c)z

From (15) together with (21) it can be shown that the
following Leibniz rules hold:

and d =n'(9p);. (23)

(8,)i X7 = &) — 'R} X
(99)it? = 07 —

(8I)k7
ag' Rl 0'(0p)k-

(24)
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We could also have started our considerations from the
inverse braiding

Uk (v w) = ((R*l)m > w) ® ((R’l)@) > v) . (25)
leading us to

U A (XTeY)) = (R Y e X (26)
R~ denotes the inverse of R, soits projector decomposition
is given by

R'= Oéglps + alzlPA + Oz;lpT. (27)
Repeating the same steps as before we get relations for
conjugated objects. However, their explicit form can be
obtained from the above relations most easily by applying
the substitutions

R— R, aasr— Oé,fx,ls,Tv (28)
al — (_zi7 at € {fimi,Xia@i}-

Lastly, let us say a few words about the Hopf struc-
tures on quantum spaces. With the L-matrix and its con-
jugate [38], which can be introduced by

((Ea)z» >w) @ al,
((E_a)z» >w) @ al,

WX,Y (ai &® ’LU) = (29)
Uiy la' ®w) =

the two Hopf structures on quantum space generators can
be written as [39]

Ald)=d" @1+ (Lo): @ a, (30)
Ala') =a' @14 (Lo); @ d,

S(a') = =S(La)ja’, S(a') =—S(La)ja’, (31)
e(a’) = &(a’) = 0. (32)

One should notice that the entries of the L-matrices live in
the corresponding quantum algebra H. This way, we can
conclude that the above expressions are part of the Hopf
structure of the crossed product algebra A x H.

3 Two-dimensional quantum plane

We begin by describing the two-dimensional antisym-
metrized quantum plane algebra explicitly. For this purpose
we need the projector decomposition of the R-matrix for
U, (suz) [32]:

R =qPs—q 'Pa. (33)
One should notice that in this case P4 and Pr coincide,
so we have only two different projectors in (33). For the
antisymmetrized coordinates, the decomposition in (33)
implies [cf. (13)]

0'0’ = —qRy, 0% (34)
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Inserting the explicit form for the R-matrix [33], we get
from (34) the following independent relations:

02 = (022 =0, 0'9%=—q 16%'.  (35)

To go further, we introduce supernumbers, which we
can write in the form
f(01,0%) = f' + f10" + f20° + f120"6°. (36)

Using relations (35) it is not very difficult to show that the
product of two supernumbers can be written as

(f-9)(6",6°) (37)
=(f9) +(f 910" +(f9)20°+(f 91206
with
(f-9'=1r9,
(f-9i=fig + g, i=12,
(f - 912 = figz — afogr + ['g12 + frag.

(38)

Next, we come to the action of symmetry generators
on supernumbers. To this end, we have to recall that both
bosonic and fermionic coordinates transform as spinors un-
der the action of the symmetry algebra Ug(sus). Using for
Uy, (su2) the form as it was introduced in [14] the commuta-
tion relations between its independent generators (denoted
by T*, T—, and 7) and the spinor components a‘, i = 1,2,
read

THa! = qa'TH + ¢ 1a?, (39)
TVa? = ¢ ta®>Tr, T a' =qa'T, (40)
T~ a* =q 'a*T™ +qa', 7ad' =g%a'r, (41)

Ta® = q_2a27'.

From the above relations we can derive the action of
the symmetry generators on a supernumber of the form
(36). To this end, we repeatedly apply the commutation
relations (39)—(41) to the product of a symmetry generator
and a supernumber, until we obtain an expression with all
symmetry generators standing to the right of all quantum
plane coordinates. In doing so, we get the left action of a
symmetry generator on a supernumber. Explicitly, we find

T f(0',6%) = q ' f167,
T~ > f(0',60%) = qf20",
T f(0,6%) = f(¢*0",q776?).

(42)

Right actions of symmetry generators on supernumbers
can be derived in a similar way, if we now consider a gener-
ator standing to the right of a supernumber and commute
it to the left of all quantum space coordinates. Proceeding
in this manner one can verify a remarkable correspondence
between right and left actions. More concretely, we have
the transformations

F(61,02) aTH 528 P37 5 f(01,02),  (43)
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F(61,02) a7 E5 1 £(0Y,62),

where the symbol 2% indicates the following transitions:

R R (44)
PSS g fij et fivirs
i'=3—14, i,j=1,2.
For this to become clearer, we give as an example
—PT o [0, 02) = —¢2 167 25
—q*fo0 = f(01,0%)<T". (45)

Now, we turn our attention to the covariant differential
calculus on the quantum plane. The differentials of bosoni-
cal and fermionical coordinates are subject to the relations

[cf. (20)]

£ = —qRiG €, 'y = ¢ 'R, (46)
which is consistent with [cf. (21) and (22)]
X' =qR} XY, 0 =g 'Ry nM0L. (47

~In what follows we need the g-deformed spinor metric
€" and its inverse ¢;; given by [42]

11 22

el =2 2- Y2 2 1/2

—q e =q’7 (48

and
gij = —€". (49)
Now, we are able to raise and lower spinor indices as usual,
ie.
L
a" =e"a;.

(50)

a; = 6”‘&],

With the identity
e Ry = g(RY)ji M,

(51)

one may check that for partial derivatives with upper in-
dices the Leibniz rules in (24) become

0,X7 = + ¢ (R71)j; X", (52)
07 = e — (R™Y)Y 0%}
Applying the substitutions
0o — 00y a—a, ac{tn X,0}, (53)

g—q¢', R— R,

to relations (46), (47), and (52) then yields the correspond-
ing identities for the conjugated differential calculus.
Next, we want to deal on with the actions of partial
derivatives on supernumbers. This way, we can proceed
in very much the same way as was done in the case of
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symmetry generators. Written out explicitly, the relations
n (52) become for the fermionic case

00"t = —q 100y, (54)
8592 — _q—1/2 _ 92857
D20 = ¢1/? — 0192 + \025}, (55)
030° = —q~ 10203,
and likewise for the conjugated partial derivatives,
Py (56)
R = 2 — PO NP,
930" = ¢'/* = 6'03, (57)

T
where A = ¢ — ¢~ L. From (54) and (55) it follows that

0> F(6%,0") = —¢ V2 o — 72 fn 67,
892 [>f(02391) — q1/2f1 _ q71/2f2192~

(58)

Repeating the same steps as before for conjugated par-
tial derivatives as well as right actions one can verify the cor-
respondences

i— il

95 £(01,0%) 25 —ai & £(62,0V), (59)
g (02,07 a0y T —qf(0",.0%) 20 |
and
F(01,6%) 4y 5 —720y 5 £(61,0%), (60

F(6?,8Y)288 25 —qai > £(62,0Y),

i— il

where the symbol £~4' now describes substitutions given by

i il

ini 9—=1/a9 i’ ni’
0'07 +— 6" 67,

i— il
e (61)
i il

v
fij &5 fugr,

P

fi X fur,

P

7 a~>1/a gy
=1,
i il
qa—1/a 1
qQ<—q

i,j=1,2.

It should be noticed that the normal ordering the repre-
sentation of a supernumber refers to is indicated by the
order in which arguments are arranged in the symbol for
the supernumber (see also Appendix A).

Now, we come to the Hopf structure on quantum space
generators. A brief glance at (30) and (31) shows us that
the explicit form of coproduct and antipode is completely
determined by the L-matrices. Therefore, our task is to
find for the unknown entries of the L-matrix combinations
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of symmetry generators that produce the correct commu-
tation relations between generators of different quantum
spaces. In other words, exploiting the identities
a'tV = ((La)p V) ¥, blal = ((Ly)>a?) bF, (62)
we should be able to regain the relations in (46), (47),
(52), and their conjugated counterparts (if inhomogeneous
terms are discounted). We have found L-matrices with this
property. Inserting their explicit form into (30) and (31)
we get for coproduct, antipode, and counit the expressions

Ala') =a' @1+ Ala)r* @ d', (63)
Ald®)=ad* @1+ A(a)71/4 ® a?

—M (o) VAT @l
S(a') = =AY (a)r*al, (64)
S(a?) = =AY (a)T7%a® — PAA"Ya)r VATl

(65)

and similarly for the Hopf structure to the conjugated L-
matrix,

Al =ad' @1+ A a)r/* @ al

+q¢ MM a)r VAT © a2, (66)

a)r V4 + g2 M A(a)T VAT d?, (67)

93]
A =2 = =

IS

-
S~— N S~

1

I

=~

—

S(a?) = —A(a)r a2,
g(a') = &(a®) =0, (68)
where a stands for one of the following quantities:
a € {0y,00,X,0,&,m}. (69)

From (63) and (66) we can see that the L-matrices
depend on unitary scaling operators denoted by A(a). To
understand the occurrence of these scaling operators we
have to take alook at the commutation relations in (47) and
(52), which tell us that the braiding between generators of
different quantum spaces is given by the R-matrix or its
inverse up to a constant factor. The point now is that the
action of the scaling operators have been determined in such
a way that the relations in (62) lead to the correct factors
if we consider the braiding between generators of different
quantum spaces. This can be achieved by specifying the
scaling operators according to

A@y) = AT AXT) = A%, AT

A(n') = (70)

and

A@p) =473, A(0") =X, AE) =4, (71)

where the grouplike operators A and A satisfy the commu-
tation relations

AXP = ¢ 2X'A, AX' = $2X0A, (72)
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A0, = POLA, A0, =g VoA,

A= g%, A= g2,
M =qsnia,  Angi=qTVA,
A0'=q20'A, AP = —q P A,
A0y = q*0p4, A9y = —q'POA.

Finally, let us notice that the above identities for the scal-
ing operator have been derived by exploiting consistence
arguments like

a't = ((La)i, > V) a* =" (a" < (Lo)}),
bl = ((Lo)i > al) bF = a* (" 4 (La)})-

(73)

4 Three-dimensional Euclidean space

All considerations of the previous sections pertain equally
to the three-dimensional ¢g-deformed Euclidean space [14].
Thus we can restrict ourselves to stating the results, only.
Now, the projector decomposition of the R-matrix becomes

R=Ps—q *Ps+q°Pr. (74)
The relations for the fermionic quantum space coordinates
are given by

046" = —*RAT 6767, (75)
which is equivalent to the following independent relations:
(0%)* =(7)* =0, (76)
020 = X010,
6t~ = 6767,
0F03 = —qF20%07.

Using the above relations one can show that the product
of two supernumbers represented by

f(07,6%,67) (77)
=f 0T+ f30°+ f 07+ fis070°
+f i 0r0~ + f5_ 630~ + fiaz 07030~
now becomes
(f'g)(9+?9379_) (78)

=(f-9)+(f 9)+0"+(f-9)30°+(f9)-0
H(f - 9)+3070° +(f-9)+— 0767 +(f-9)s- 067
+(f-9)1s-010%07,
with
(f-9) =149,
(f-9)a=fagd +fga, Ac{+3,-},
= frgs—q fagr + f'gr3+ 9 f+s,

(79)

(80)

Grassmann variables on quantum spaces

(f 9)s— = fsg- —q *f-gs+ f'gs— + 9 fs,
(f-9s—=frg-—f-gr+ X303
+fg-+9 frs
(f -9 =Ffrgs-—q fags—+a *f-gys
+fi39- —q fr-gs+q *fa_ gy
+f'943— 49 fys—.

Next, we come to the action of symmetry generators on
supernumbers. To this end, let us notice that fermionic co-
ordinates of three-dimensional g-deformed Euclidean space
transform under the action of Uy (susz) like the components
of a vector. Thus, the commutation relations between the
generators of Uy(sug) and the fermionic coordinates read

(81)

Lot = 9+L+, L+93 _ 93L+ _ q9+7_1/27 (82)
LT~ =0" LT — 37712

L 0t =0t~ + 937_71/27

L 0*=60L" +q¢ 07 Y2, L0 =6"L, (83)

129+ — qi29i7—1/2, 71293 _ p3.-1/2 (84)
From these relations we get the representations

Lt f(0%,6°,67) (85)
= —qfs0" —f 0> — [ 070> —qfs 0707,
L™ f(07,6%,67) (86)
=q ' f30 + f1 0P+ qfs 0707 +q 2 f_0%07,
T2 f(07,6°.07) = F(¢°0F.6%,q7207). (87)

They are related with right representations by either the
transformation rules

f(6F,0%,07) LT T3 L¥ o £(01,6°,607), (88)
or

FOF,6%07)ar 2 =120 f(07,6%,07),  (89)
The symbol 2% indicates the transitions

N e nay R R R (90)
Pavea, ¥5 fa A
PEs

where we have introduced indices with bar by A =
(+,3,—) = (=, 3,+).

Now, we turn to the differentials, which have to be
subject to the relations

¢AeB 2Bl P = RAE 9P, (91)
and
XAP = " REREOXP, 0P = RAF 707, (92)
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The last two relations imply the Leibniz rules
027 = g (R XC0P,

950" = g"® — g (R™)25 0708,

(93)

where g4f denotes the quantum metric of the three-
dimensional ¢g-deformed Euclidean space. In complete anal-
ogy to the previous section, the relations for the conjugated
quantities follow from the above identities by applying
the substitutions

Do — Da,

a%&, a'e{é?,r]?X?a}’

q— q_l, R — R_l.

(94)

For the fermionic derivatives the Leibniz rules read ex-
plicitly

o0t = —q 1079y,
9, 0° = —q720°9, + ¢ 2A\.07 05,
0707 = —q— 070 +q 'ML0°0; —q ' NPA01 0,

(95)

050" = —q7207 03, (96)
050° =1—q720%0; + ¢ ' A\07 0,
00~ = —q 20705 + ¢ 2A\.0°0;
0,07 =—q ' —0%0,, (97)
0y 0° = —q7%0°09,, 0,0 =—q 07 9,,
where A, = ¢+ ¢~!. By the substitutions
o =8, 04 =0t q—q !, (98)

we get the corresponding relations for the conjugated differ-

ential calculus. In a straightforward manner, we can derive

from the identities in (95)—(97) the actions of the fermionic

derivatives on supernumbers. This way, we obtain
of > f(07,0%,67)

= —qf-+q e 0T+ s 0P — g frs_ 076,

(99)

o f(0F,6°,07) (100)
= fs—q 2 fr30" + f3_ 07 —q  fr5- 0707,
9y > f(67,6%,67) (101)

=—q ' fr—q 30— g o0 — g s 0707,

The relationship between the different types of represen-
tations is now given by

+— — _ _ _ _
e F(OF,0%,07) T 9 s F(67,6%,0T), (102)
+— - _
q2f(6F,0%,07)3d5 S P F07,6%,607) <0,
and

FO+,6°,07)305 £25 205> (67,6°,67), (103)

535
F07,6°,07) 10 ¥55 q 72056 f(07,0°,07),
-
where 4" denotes the transition given by
+H17 .
91 g T A A (104)
My
q—r q
fav.a, < fa a5
pdy ey
q—1/q9 q—1/q9 —1
F e R I S I

Last but not least we would like to concentrate our
attention to the Hopf structures for the various types of
quantum spaces. In general we have

Ala™)=a" @1+ Ala)T 2 ®a", (105)
A@®)=a* @1+ Ala) @ a® + M A(a) LT ®@a,
At =a" @01+ Ala)r/?* @at
+gM\y A(a) 2Lt @ o
+@PN AL A(a)T VLT @a,
S(a™) = —A"Y(a)m/%a, (106)
S(a®) = =AY a)a® + I A (o) 2 LY e,
S(a™) = A" a)r 20t + AN A7 (a) LT a®
NI AN @) TV (L) 2a,
g(a™) =¢e(a®) =¢(a™) =0, (107)
and likewise in the conjugated case
Ala™)=a" @1+ /1_1(a)7'_1/2 ®a’, (108)
Al@®)=a*> @1+ A a) ® a®
M A a) LT @aT,
A )=a" @1+ A a)r V2 ®a”
+q¢ AL Aa) V2L @ a®
+q 220 A Y a)T AL @ aT,
S(at) = —A(a)r?a™, (109)
S(a®) = —A(a)a® + ¢ 22 A(a)T/2L™a™,
S(a™) = —A(a)r™Y%a™ + ¢\ A\ A(a) L a®
—q NN A(a) T2 (L7)%a T,
gla™) =¢&(a®) =&(a") =0, (110)
where a again denotes one of the following objects:
a € {0:,00,X,0,&,n}. (111)
The scaling operators have to be specified by
AR = AV2, AXA) = A7V2 Ayt = A2,

(112)
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and
A0 =4, A =A"", A=A (113)
which requires the operators A and A to satisfy
AXA = A XAA,  AXA = 2 XAA, (114)
A = q*otA, A9 = ¢ 2024,
At =g'eha, Mgt = —q7¢MA,
At =g~ A, Ant = g7t A,
A04 =¢*0%, A0t = —q 2074,

A9 = q40p A, A9) = —q?04 A

5 Four-dimensional Euclidean space

The g-deformed Euclidean space in four dimensions can be
treated in very much the same way as the Euclidean space
in three dimensions. Thus, we summarize our results only.
The projector decomposition for the R-matrix is [32,43]

R~ =q'Ps — qPa+ ¢*Pr. (115)
The commutation relations among the fermionic coordi-
nates can be written in the general form

0°07 = —qR}0"%6", (116)
which leads to the independent relations
02 =0, i=1,...,4, (117)
0'07 = —q~'070", j=1,2,
070 = —g~ 1007,
0'0" = —0'0", 6%6° = —6°6% + \0'6".
For supernumbers of the form
f(6",6%,6°,6%) (118)
4 . .
=f D S0 Y funb"0"
i=1 1<i1 <i2<4
+ Z Firinis0710720% + f12340'0%0%0%,

1<y <ip<iz<4

we can again calculate an expression for their product.
Explicitly, we have

(f-9)(0",6%,6°,6% (119)

4
=(f-9'+ Z(f -g)ib" + Z (f - 9)iri, 07167
i=1 1<iy <ip<4

N (F 9070207 + (f - g)12aa0'0%0%0",

1<41 <i2<i3<4

D. Mikulovic et al.: Grassmann variables on quantum spaces

with
(f-9)=1r4d\ (120)
(f-9)i=fig +fg, i=1,...4,
(f- 915 = fiz9" + f'oi5 + frg; — afio, 7=2,3,
(f-9)ja = fjag + f'gja + fi91 — afagy, (121)
(f - 9)2s = fa3g' + ['923 + f295 — fsge,
(f-9)1a = frag + f'g1a + f191 — fag1 + A f3go,

(f - 9)123 = f1239" + ['9123 + f1923 — af2013 + ¢ f3912
+f1293 — fi1392 + ¢* f2391, (122)
(f - 9)124 = f1249" + ['g124 + f1924 — qf2914 + qfa912
+f1294 — qf1492 — qA fa3g2 + qf2491,
(f-9)134 = f13ag" + [ 9134 + f1934 + ¢ f3914
—qAf3g23 + qfa913 + f13 94 — qf14 93
+qf34 91,
(f-9)234 = fa3a 9" + ['9234 + f2934 — f3 924
+¢° f1 923 + f23 91 — qfoa g3 + qf34 g2,
(f - 9)123a = fi23a g + [ 91234 + [19234 — qf2 G134
+f3 gi2a — ¢* f1g123 + f12934 — f13924
+¢° f14923 + @ f23914 — N f23903 (123)
—¢* foag1s + ¢° f3ag12 + f12394 — qf12493
+qf13192 — ¢* f23491.

Next, we come to the commutation relations between
symmetry generators of Ug(so4) (we use here the form as
it was presented in [43]) and fermionic coordinates:

L0 =g0' L] — ¢ '0% L76*=q 'L,

LT03 =q0®Lf + ¢ 10", Lio*=q'0'LT,  (124)
LI0' =q0'Ly —q7'0°, L36* =q0°Ly +q 0%,
LE6* = ¢ '6PL, Lio*=q'0'Ly,  (125)

Ly60' =q0'L7, L760? = q *0°L] — qb",

LI93 _ qele—7 Lf04 _ q_194Lf +q93,
(126)

Ly 0" =q¢0'Ly, Ly 0% = q0*L;, (127)

Ly0® =q '0°Ly —q0", Ly0*=q '0'Ly +qb?,

K0' = ¢ 19'K,, K\0° = ¢0° K, (128)

K.16% = ¢ 103K, K.10* = ¢0* K,

Ky0' = ¢ 10 Ko, K30? = ¢ 10K,

Ky0® = ¢0° K, K0 = 0" K. (129)

With these relations it is straightforward to show that the
actions of the symmetry generators on supernumbers take
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the form
Lo f(0,6%,0% 0% (130)
= —q 1107 + ¢ f30* + f130'0" — g7 f156°0°
(g% fas — ¢~ " f14)0°0"
+q~ " f1230"0°0% — ¢~ f1346076°6%,
L > f(0,6%,6%, 6% (131)

= —q (18P 20" + g0 120100 + ' 126°6°
—(q 7" f1a + f23)0°0"
—q" " f1230"0°0" + ¢ f1240°6°6%,

L f(t917 62,63, 94)

= —qf20" + qf20° — qf240"0" + f240°6°
+q(qfra — f23)0"6°
+qf124010%6° — qf2346"6°0",

Ly > f(6',6%63,6%)

= —qfs0" + qfs0° — ¢ 340" 0" — [f3,6°6°
+q*(f1a + qf23)0" 67
—qf1340020° + q f2340" 020",

(132)

(133)

and
K> f(6',6% 6%,6%
= flq~'0",q0%,q7 6%, ¢8"),
Ko f(0%,6%,6%,0%)
= flq~'0", q716%,¢0%, q0").

If we are interested in right representations, we can either
apply the transformation rules

(134)

F(O1,60%,03, 0% a LE 125 ¢F3LF 1 £(01,62,0°,0%), (135)
or
f(0%,02,63,0 oK, = K1 o f(01,62,6%,0%), (136)
F(01,6%,0% 0% a Ky = K5t o f(6,6%,6%,0%),
where @Z; denotes the transition
gin ..o 2% gi
Jiv.in <“_>—Zl> fi;,/..‘i/lv
sy

and the conjugated index is given by i’ = 5 — 1.
For the differentials we know that the relations [36]

£l = —qRy €k¢,

(137)

nn’ =g 'Rt (138)

and

X'l = qRL X!, 0 = q R 'eY (139)
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hold. Using these identities we can verify that the Leibniz
rules now take the form

X7 = g + q(R7)), X*OL,
407 = g — g L (R7Y)}, 0% 0},

(140)

where g*/ denotes the four-dimensional quantum space met-
ric. Again, the relations of the conjugated differential calcu-
lus are obtained most easily by applying the substitutions

ac {£7W7X79}5
qg—q¢', R—R,

Oy — 0, a— a, (141)

Written out explicitly, the Leibniz rules become in the
fermionic case

050" = —q 200}, 040° = —q~'6%0;,
0p0° = —q~'0°05, 950" =g — 0%y,
030" = —q710'95 + ¢ 'N*0, 0307 = —q %0703,

(142)

20° =1 — 0307 — N\0*0), 020" = —¢710"0%, (143)
030" = —q710'03 + ¢ N0, (144)
D50 =1 — 0295 — \0*0}, 030° = —q 260303,

0530% = —¢ 1003,

Dp0' = q — 0105 — N(0%03 + 020} + 10'0}), (145)

0407 = —q 10204 + ¢ A0 33,

030° = —q10°0) + ' NO10F, 040 = —q %00},

while the substitutions

O — 0y, 00—=0, q—ql, (146)
lead to the corresponding relations for the conjugated differ-
ential calculus. With the same reasonings already applied

in the previous sections we find

891 > f(94,93792,91) (147)
=q ' fatq b+ g f120° + g7 36
+q7 " f1210%0" + ¢ f4320°07 + ¢ f4316°6"
+q7" f43210°6°6",
0z > f(6*,0%,62,0") (148)

= fa+ f310" + f520° — ¢ fa30" + [f3210°6"
—q " fa310M0" — ¢ f4320"07 — 7 43010070,
o5 > f(0*,0%,6%,6") (149)
= fo+ fa10" — ¢ 2 f520° — 7" fa20" — 72 f3216°6"
—q " f1210%0" + ¢ f4320"0° + ¢ f4321016%0",
o5 > f(6*,0%,6%,0%) (150)
= qf1 — f210° — f510° — ¢ (far — Af32)0"
+q " f3210°0° + ¢ 2 421007 + ¢ f43166°
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+‘]71)\f?>219491 - q*3f4321040302.
The different types of representations are linked via

oy f(6*,0%,6%6") (151)

T By 5 £(0Y, 8, 6°,00),
g2 f(0",6%,6%,0") a0,

P L01,62,0°,0%) <0,

(152)

and
£(6,6°,82, 9"

Z(—)’L

EEA (153)

G20 > £(0%,6°,0%,0Y),

f(0%,6%,6°%, 0% 48}, (154)

5 02555 £(61,6%,6°,67),

1
where €247 stands for

i il

g ..o g i, (155)

q—1/q
Jirein < fir i,
P
1
f/ a—1/q f/’
i— L

q—=1/q _1

qq

Finally, we would like to present the Hopf structures for
the various four-dimensional quantum spaces. In general,
we have

Al") =a' © 1+ A(a)K{*KY? @ o', (156)
A@®) = a® @1+ Ala) K] KY? @ a?
T ()KL PKY? L @ a,
A@®) =d® @1+ A(a) KK ? @
+q/\A(a)K1/2K1/2L+ ®at,
Ala®) = a* ® 1+ A(a) Ky PK;Y? @ o
ENA)KPKYP LT LT @ ol
—gA A(a)K _1/2 1/2L+®a
“PA()K 1/2 _1/2L+®
S(a") = —A Y a) K V2K, (157)
S(a?) = —A" N a)K[PK; Y2 (0 — ¢?ALTaY),
S(a®) = —A"Na) K[ VPKY 2 (0 — PALTaY),
S(a*) = A" a)K{PKy? (a* + AL d® + Lid?))

Grassmann variables on quantum spaces

—* N A () KVPRYPL LT A,

e(a') = e(a®) = e(a®) = e(a*) = 0, (158)
and
Al =a' @1+ A (o) KKy @ ! (159)

—q 2N A Y a)KVPKYPLT Ly @ o

—¢ MY ()KL PK;YPLT @ o

—g €M YK PKY Ly @,
Ald®)=a®> @1+ A (a)Kl/QK Y2 % q2
— MY ()KL PKYL; @,
A Y
)

0K —1/2 1/2®a

Ald®)=a*> @1+ A"
+q MK PKYP LT @,
Al =a* @1+ A () K KY? @ o,

S(a") = —A(@)K{* Ky (a' + ¢ MLy a® + Ly d®))

g N A(0) K PKY Ly Ly o, (160)
S(a?) = —Aa) K; 2Ky (a? — g ALz a?),
S(a®) = —A(a)K; 2Ky %(a® — ¢ 2Ly oY),
S(a*) = —A(a) Ky 2K, Pt
g(a') = &(a®) = &(a®) = &(a*) = 0, (161)
where
a € {0,,09,X,0,6,m}. (162)

In order to regain relations (147)—(150) and their conju-
gated versions from the L-matrices determining the coprod-
ucts in (156) and (159), we have to represent the operators

A(a) as
A(0;)

and

= A2 AXH=ATT20 Aly') = AY? (163)

A@p) =471 A0 =4, A€ =4

which requires one to impose on the unitary and grouplike
scaling operators A and A the commutation relations

(164)

AXD = XA, AX' = ¢ ' XA, ADE = q 20/

AdL = qdl A, A€ =N, AE = —q€'A, (165)
An'=g*n'A, Ant=qn' A, A0" = ¢*0' A,
A9 = —qb' A, ADy = q 205, Adh = —q LOLA.

6 Minkowski space

In this section we would like to deal with g-deformed
Minkowski space [10,12-14,44] which from a physical point



D. Mikulovic et al.: Grassmann variables on quantum spaces

of view is the most interesting case in this article (for other
deformations of spacetime and their related symmetries
we refer to [45-50]). We follow the same line of arguments
as in the previous sections. The R-matrix now obeys the
decomposition [33]

Ri; = q %Pg — Py + ¢*Pr. (166)
The relations for the fermionic coordinates are completely
determined by

007 = —(Ryr)i20%6", (167)
from which we obtain as independent relations
(0")? =0, pe{+ -0}, (168)
930F = —¢T20% 03,
030° = \0T0~, 60" =—6"0T,
6F0° + 0°0F = £qTIN0F63,

0993 + 036° = N0 o,

Instead of dealing with the coordinate 82 or 6 it is often
more convenient to work with the light-cone coordinate

63/0 = 63 — §°, for which we have the additional relations
(0°°)2 =0, 0%0%° = —0%/%*, (169)
0003/0 4 63/990 — _\g+o-,
000 + ¢T2000F = £ A0F63/°,
0°0%/° 1+ 6%/°0% = —\oT 0~
The product of two supernumbers of the form
f(0F,6%,6%067) (170)

= f 0T+ fo0° + f20° + f 07 + fi30T6°
L4007 0% + f1_0T07 + f300°60° + f3_6°6
+f0_0°0" + fi30070%0° + L5 07030
+fr0_0T0% + f30_030°0 + fi50_01630°0~
now becomes
(f-9)(07,6%6°67)
=(f-9) +(f-9)+0" +
H(f9)-0 +(f-9)43070° +
f-9) 40707 +(f-9)300°0° +
f9)0-0°0" + (f - 9) 13001 0%0°
f-9)
f-9)

(171)
(f - 9)00° + (f - 9)36°
9 (f - 9)+0076°
9 (f-9)s-0°0
1 9)+3-070°07 + (f - 9)0-010°0"
- 9)30-0%60°07 + (f - 9)430_076%6°0,

with
(f-9) =19
(f : g)u = fpg/ + f/g;u

(172)
12 € {+a 33 0’ 7}7
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(f-9)+0 = f+od + f'9+0 + f+90 — fog+, (173)
(f - 9)s0 = fa09" + ['g30 + f3g0 — fogs,
(f-9)o- = fo—g" + f'90- + fog— — f-g0.

(f 94— =fod + [ 94—+ fr9- — [-9+ + N 393

—Afogs,

(f-9)43 = frsd + ['grs+ frgs —a fagy
—q~ "Mog+,

(f-9)3— = fs—g' + ['gs— + fag- —q > f-gs
—q " A~ g0,

(f-9)+30 = fr309" + f'g30 + frgs0 — ¢ fag+o
+fog+3 — 4~ A fogro
+/f+390 — f+093 + 4> f309+
= fa0-9' + f'g30- + f3go— — fogs—
+q 2 f-gs0 + fa09- — fs—g0 +q > fo—gs
+q~ " A fo-go,
(f-9)vo- = fro-g' + f'gro- + frgo- — fogi -
—Af3930 + f-g+0 — Afogso + [+09-
—f+-90 + fo—9+ + Af3093,

(174)

(f - 9)30-

(f-9) - = fra-g + [gra+q Migs-
—q % f-g4s—q *fagsi- —q ' Aogi—
—q " Af—gr0 — ¢ "N fagso — ¢ A fogso
+fr39- —q 2 fe-gs +a a9t
—q 2 frgs—a ' Mgo+q Mo—gy
+q AN = ¢ fa093,

(f-9)+30— = fra0-9"+ f'g+30- + f+930-
—q f3g4o— (175)

+foges— — a2 f-gr30- — ¢ Afogro-
+f4390— — fro9s— +q > f+—gs0

+q 2 fs094— —q 2 fs—g+0+a > fo—g4s
+q M f30930 + f+309— — f+3-9o

+q % fr0-93 — 4 2 fa0-9+ + 4 Afro-go.

Next, we turn to the commutation relations between
generators of g-deformed Lorentz algebra (for its definition
see [12,44]) and fermionic coordinates. Explicitly, they read

T¢° = 0T, (176)
T+03/0 93/0T+ + 73/2)\1/29+ THo+ — q720+T+,

TH0~ = 20~ T+ + ¢~ '/2A/%0%,

T76° =0T, (177)
T30 = 9397~ + *2N/%07, T-6" =% T,
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— _ -2 - 1/241/2p3
T=0% =q 207 T~ + ¢'/2\/ %%,

7_300 _ 907_3’ ,7_393/0 _ 93/07_3,

P, P = e, a7
T203/0 = ¢~193/°72,  T20% = g0 T2, (179)
720" = ¢ 10T + ¢ %A /%007,
203 — q93T2 - q)\;l)\QS/OTz + 971/2A11/29+7’1,
S193/0 = 93081, S~ = g0~ S, (180)

Slot = ¢ totst — (]71/2)\J—r1/293/0(},27
Slp3 — q719351 + q71)\;1)\93/081 - q1/2/\;1/29—02
7163/ = ¢03/°71, £l =g o7, (181)
—1/2
T = g0t Tt — 3EATEN0OT,
o3 — q_19371 + q—l)\J—rl)\eg/oTl - q1/2/\;1/2/\29_T2,
0203/0 — q—loa/oaz’

%0t =q 1ot o?, (182)

0% = q0=0? + ¢ 2N PN 0 8T,

0207 = q0%0? — QAT AP 00% + g AT A0t ST
The generators T+, T, and 72 span a U, (suz)-subalgebra
of the g-deformed Lorentz algebra. With the above relations

at hand we find for its generators the following actions
on supernumbers:

3 f(07,60%,60°07) = f(¢07,6%,60°,¢*07)  (183)
T > f(6F,0%,6°07) (184)
= NP fa07 + @A fia0to
+q1/2)\1+/2f+09390 _ ‘13/2>\i/2f30909_
+q1/2>\i/2(f+— + Af30)0°0~
—q3/2/\1+/2f3+09+909_ + ql/z)\i/2f+0_93909—
g PANY 0010707,
T > f(67,0%6°07) (185)

_ q_3/2)\1+/2f39+ _ q_1/2)\1+/2fo_9390
+q—3/2)\1+/2f309+90 + q_5/2)\1/2f+79+93
N2 2 fom 4 a7 Ao )07 0"
—q_5/2/\1+/2f+o_9+9390 + ql/z)\i/2f30_9+909—
—q_l/QA)\iL/zf3079+939_.

Right representations are obtained most easily by either
applying the transformations

(61,062, 07)aT™

>
A

(186)
7q:F3T:F > f(nga 933 007 07)

or the identity

where
gra .. grn T3 g Rt
fmm/tn m fuTmmv
fES
with the conjugated index now defined by
fi=(+3,3/0,0,—) = (-,3,3/0,0,+).
For the remaining generators we have
o?n f(0F,60°,6%°,07)
=q 0T +qf 07 +qfs6°
+(¢" " fag0 — q)\ll)\f:s)@s/o
+f130T0° + f 00 + P f3_0%0"
+fa800°0%0 4 (fay0.— — AN f5-)6870607
+(@ fr 30 — MG f3)0703/0
g a0 0°0%0 4 g f s 07 0%0”
+Qf3,3/0,—9393/09_
+(¢ " fi 30— — G f3-)0T 0300~
+F13.3/0,-070%0%°0,
e £(0F,0%,0%° 67)
=q o0 +qf 07 + g7 f56°
+(afsjo +a AN )00
Ff430T0° + f4_0T07 4+ q 77 f3_0%0"
+f3,3/09393/0 + qz(f+3/0 + )\Allf+3)9+93/0
+(f30,— + AL f3-)0%/00~
+Qf+3,3/09+9393/0 +q  fi070%0"
+q71f3,3/0,—9393/097

(187)

(188)

(189)

(190)

(191)

Jr(lZer,s/o,_ + )x)u_rl(2(>\ +q) — qz)f+3—)9+93/097

+f+3,3/0,—9+9393/09_7
St f(6,6%,6%°,07)
_ —q_1/2/\;1/2f+93/0 . q1/2/\;1/2f39_

(192)

' P2 F1a0%0%0 4 g AT R (g — 1) f1007 0"

+)\Il/2(q_1/2f3,3/0 — g2 f )03

+q3/2/\;1/2f+3_9393/097
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g2 (1 ) frs.500070%/007,
T2 (07, 6%,6%°,07) (193)
_ q,g/z)\——i_l/2f_93/0 + q71/2)\;1/2f39+

+q_1/2)\;1/2f3—9393/0 + q_3/2)\;1/2f379+9—

+)\;1/2(q1/2f3,3/0 +q V2 )0t e3/0

+q A fra 07 0P0%0

+q71/2)\;1/2f3,3/0,—9+93/097'

The easiest way to derive the corresponding right repre-
sentations is to use the identity

ST f=fah (194)
together with [44]
STHT?) = —q T ()12, (195)
Sfl(Sl) _ 751(7_3)71/27
STl =02, S (0?) =1t

Now, let us consider the differentials, which obey the
commutation relations [44]

§her = —(Rn)’;g §°PE7,  ntn¥ = QQ(RH)% nn (196)
and

Xher = (RH)% X7, O = qQ(RH)’,fZ nfe°. (197)

The Leibniz rules being compatible with the identities in
(197) read

QXY =+ q (R XPOT,  (198)

00" =0 — M (Ry )y 0705

where n*¥ stands for the metric of g-deformed Minkowski
space. With the substitutions

Oy = 00y a—a, ac{&n X,0},

¢—q', R— R

(199)

the formulae in (196)—(198) transform into those of the
conjugated calculus.

As in the previous sections, we would like to write down
the Leibniz rules for the fermionic derivatives, explicitly.
In this way we have

92/093/0 = — 29399310, (200)
9,/°0% = —q*079,/° — \0*/°9] |
9,/°0° = 1 - 6°8;/° — M160%/°9)/° — N0~y
80~ = —0-8)°, 0630 = —°/°0;,
970" = —¢*0" o, (201)
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8 0> = —g20%0; + PANT10P00) + P ANTet oy,

OF 0™ = —q— 079 + A\ 10300,
0y 6%/0 = —q20%/%9; — g 6~ 0°, (202)
Oy 0" =—q 7t =070, — >0 — \?0"0,
AP0 — 103095,
9y 0° = —030; — \F10%°9; — g\0~ )
MNP +2)079)°,
0,0 = —q*070,,
996°/0 = 1— 631008 — X0~ + *AN;10%°8)°,
0T = —079) — g\>0 + P IN103/00; (203)
+PANTTY
O3 = —?039) + PINT10308) + g T,
—gAT 0 + AP0
AT,
096~ = —¢*0- 09 — A0 00 + ¢*AN 16300, .

The corresponding expressions for the conjugated calculus
follow from the above relations by applying the substitu-
tions - -

of — oy, =0 q—qt. (204)

As usual, the relations in (200)—(203) enable us to compute
the action of fermionic derivatives on supernumbers:

a5 > f(07,0%°,0% 6%)

=—qf- —qf—40" — qf_36°
—q(f_ 30 — M f3)0%°
—qf-3+0%0T — q(f_ 30+ — MG fos4)0%00T
—qf-3/030%°0° — qf_ 3/05:0%°0%0T,

(205)

% f(67,6%0,6% 6T)

= fa+ f310" — q2f3/0,393/0 — f-30~
fq2f3/073+93/09+ _ f_3+979+ + qu_73/0739793/0
+q2f7,3/0,3+9_93/09+,

e f(07,0%°,63 6%)

= fa70 + f3/0,30° + (f30,+ — fa G hHeT
—(@Pf- 30 F AT fo3)0
—MT (Fot = af3705)0°°
'f‘fs/o,3+939Jr + q)\f:3/0,3+‘93/09+ - f12f—3,3/0.,39_93
FN fo340Y00% —qlaf - sj0.4 — NAL a1 )00

(206)

(207)
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fq2f_73/0,3+0*939+ B q2)\/\;1f_,3/0,3+0793/09+,
Iy > f(67,6%°,0% 6%)
= =g ¢ 500+ a(fro — Mfajos)0”
+(qfs/0.4 + AN f3q)03/0
—qf:a/o,3+193/093 —qf_3.076°
—q(@Pf— 50,4 + T fogy)070%/°
— g\ 30310707 + 0 f 305:076%°6%.

(208)

The other types of representations of fermionic deriva-
tives are completely determined by transformation rules
of the form

Ol v f(07,6%°,6%, 6%) (209)
+— = _ _ _ _ _
O f(01,0%0,6%,07),
f(6-,6%,6%° 6%)ady (210)
+— -
G207, 60%,0%°,07) < 0,
and
F(67,6%,6%°,67)adr (211)
55 g2 e £(07,60%0,6°,0%),
F0F,6%,6%° 67) <ol (212)
ﬁ q2555f(§+,93/0,§3,§_),
where
. . +‘>17 S 0
o g g g (213)
o -
fz’l...in uq fﬁﬁv
o -
[
+= =
q Lg)q qil.

Finally, we come to the Hopf structure for the quan-
tum spaces of the ¢g-deformed Lorentz algebra. In general,
we have

A0 = a3 @1+ Afa)m! @ a®/°
_q1/2)\i/2/\/1(a)(7_3)—1/251 ®at,
Alat) =at @14+ AV2(7%) V262 @ ot

(214)

—*2 ] PAN(@)T? @ 6?1,
Ala ) =a @1+ A(a)(73)1/2T1 ®a”

—q_1/2A1/2)\/1(a)Sl ® a’

— N A(a) ()27 S @ at
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+q AP AA(a) (T — S @Y,
Ad®) =a® @1+ Ala)o? @ a°
—2ATVPAA() T ) 2 @ 0
—|—q1/2/\_7_1/2)\/1(a)(73)71/2(TWTQ +gSY) @at
—A{'A(a) (NPT T? + g(r! — 0?)) ® a®/",
7/171(&)02&3/0 — q*?’/z)\iﬂ)\/l*l(a)SlaJr,
S(at) = =AY (a)7' (%) 2t
—q3/2)\;1/2)\/1_1(a)T2(73)1/2a3/0,
S(a™) = =AY (a)o?(r*) 1/ 2a”
—q_l/zx\i/z)\/l_l(a)(T?’)_l/QSlaO
+q PN A a) (7)) A T at
+q’5/2/\;1/2)\/1’1(a)(Tg)’l/z

x (2T~ — ¢*SM)a®/?,

(215)

S(a®) = —A7 (a)r'a® — q5/2AJ_rl/2AA_1(a)T2a_
+q 7PN PAN T a) (1T + gSh)at
+ A7 A (a)(g(o® = 71) + N T°T7)a®/,

e(a®°) = e(at) = e(a”) = e(a®) = 0, (216)
and likewise for the conjugated Hopf structure,
A(ag/o) =a*®1+ /171(@)(7'3)1/202 ® a®/° (217)

—q3/2)\1+/2)\/1_1(a)T2 ®a”,
Al@)=a @1+ A (a)T' ®a”
*q1/2>\;1/2>\/171(a)(73)71/251 ® ag/o,
Alat)=at @1+ A a)o? ®a™
—q1/2)\1+/2)\/1_1((1)T2(7'3)1/2 ® a®
—2ATVEAAT N @) (7 VAT 0 + g T?)
®a®/0
+PNA Y ) T*TY @ a™,
A@@®) =a’ @1+ A7 (a)(7*) " @ a°
—q71/2/\_7_1/2)\/171(a)51 ®a’
fql/z)\;l/Z)\Afl(a)(qTJrTl T ®a”
FATIAT (a) (7)1
% <A2T+Sl +q—1(7_37_1 _ 02)) ®a3/0,
~ M) ()20
—*PNPAA ()T (1) a,

S(a*) =
(218)
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S(a™) = —A(a)o®a”
S(at) = —A(a)rrat — q5/2)\i/2)\A(a)T2ao

— q_3/2)\;1/2)\/1(a)51a3/0,

—q3/2)\;1/2)\/1(a)(q71T+ + T2)a3/0
—* N A(a)T?*T"a™,
S5(a) = —A(a)(7?) 262"
—q VAT A A(a) ()28 a
—* AT P AA(a) (7)Y T — g7 T)a”
—)\J_rl/l(a)(T?’)*l/2

(219)

with
ac {81789aX79a§777}'

The scaling operators have to take the form

(220)

A@) = AV, AXT) = A7V2 A = A7, (221)

or
A@) = A7,

if the operators A and A are subject to the relations

AXH = ¢ 2XMA, AXF = ¢ T XHA, (223)
A = 2OH A, ADF = g A,

AGH =g A, At = —qT¢rA,

Ant =gt A Agt =Pt A,

AG* = q20M A, APF = —¢ oM A,

A = *oy A, A9y = —qd)y A
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Appendix A: Representations of supernumbers

In this article we deal with supernumbers of different normal
orderings. Thus, it can be useful to have formulae at hand
that allow to switch between the different orderings. For
this purpose we wish to list the following identities.

(1) Two-dimensional Euclidean space:

1+ f10" + f20° + f120'6° (224)
= J'+ 10" + fo0° + f20%0",
where
fr=F h=hHh f=f fo=—q"f (225
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(2) Three-dimensional Euclidean space:
Fr 40" + 367 + f 07 + 130107 + f1 670"
+f3-0%07 + fi3-0760°0
= f'+ o0+ f50° + F07 + [5,.0°07 + [ 070"
+f 3076+ [ 5, 076°0",

where
F'=Ff, fa=fa, Ac{+3,-} (226)
f7+ =—fi-, f3+ = —qu+3, f—s = —q2f3—,
f73+ = —Q4f+37-
(3) Four-dimensional Euclidean space:
4
P> 00+ ) fii,0760" (227)

i=1 1<iy <ia<4

+ Z fi1i2i30i19i29i3 + f123491929394
1<i1<i2<i3<4
=F D0+ Y funbten
i=1 1<in<ii <4
+ Z f;liﬂgeil@izeig‘ + f432194939291,
1<izg<iz<iy <4
where
=1, fi=fi, i=1,...,4, (228)
for = —q" ey fa1 = —q s,
fir = —fia— Moz, faa=—foz, fao=—q " fou,
fis=—q""fau,  faz = —q 2103,

fazr = —q 2 f124,  fazi = —q 2 frza,

faze = —q 2 foza,  fazor = ¢ " fiosa.

(4) Minkowski space:

4+ 40" + f3/o93/0 + f30° + f_07 + f+,3/09+93/0
FFes0t 0 + o070 + f3050%°0% + f2_0%0"
+f3/0,393/093 + f3/0,,93/09_ + f13/03076%093
+f43-0T0%07 + fr 350 _076% 0"
+f3/0,3793/09397 + f+,3/0,3,0+03/0030’

=f 40+ J?3/093/0 + f30° + f6°
+f3/0.40%°0" + f3,0%07 + f_ 070"
+f3,3/09393/0 + 3076 + f_,3/09’03/0
+f33/040%0%/00" + f_5. 07030 + f_ 3,0 .07 6%00T
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+f—3,3/0979393/0 + f—3,3/0,+979393/09+,

where
=1 fu="rfuw wne{+3/0,3,-}, (229)
fra=—a"fse,  frs0=—F3/0.+
Joo=—fy +Af3003, [f33/0=—13/03,
foo =—=af-s, fs0— =—f-3/0
fisa0=—Cf303+: fra—=—a" 34,
Tv30-=—f-3/04> [f33/0-= —q72f—,3/0,37
fia3/0— =a *f- 3003+
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